MINIMUM CODEGREE THRESHOLD FOR 
{Kl - e)-FACTORS 

ALLAN LO AND KLAS MARKSTROM 

Abstract. Given hypergraphs H and F, an F-factor in H is a spanning 
subgraph consisting of vertex disjoint copies of F. Let K\ — e denote 
the 3-uniform hypergraph on 4 vertices with 3 edges. We show that for 
7 > there exists an integer no such that every 3-uniform hypergraph 
H of order n > no with minimum codegree at least (1/2 + 7)71 and 
4|n contains a (IfJ — e)-factor. Moreover, this bound is asymptotically 
the best possible and we further give a conjecture on the exact value 
of the threshold for the existence of a (ffj — e)-factor. Therefore, all 
minimum codegree thresholds for the existence of F-factors are known 
asymptotically for 3-uniform hypergraphs F on 4 vertices. 



1. Introduction 

Given hypergraphs H and F, an F-factor (or a perfect F -tiling or a perfect 
F -matching) in H is a spanning subgraph consisting of vertex disjoint copies 
of F. Clearly, if H contains an F-factor then \F\ divides \H\. A k-uniform 
hypergraph, k-graph for short, is a pair H = (V(H), E(H)), where V(H) 
is a finite set of vertices and E(H) C ( V ^)- Often we write V instead 
of V(H) when it is clear from the context. For a fc-graph H and an /-set 
T G (V), let deg(T) be the number of (k — Z)-sets S G ( fc ^) such that 
5 U T is an edge in H, and let Si(H) be the minimum l-degree of H, that is, 
5i(H) = min{deg(T) : T G (;)}■ Define if(n,F) to be the smallest integer 
al so that every /c-graph of order n with 61(H) > al contains an F-factor. If 
n is not divisible by |-F|, then tf(n,F) = Hence, we always assume 

that \F\ divides n. 

For graphs (that is, 2-graphs), a classical theorem of Hajnal and Sze- 
meredi [6] states that t\(n,Kt) = (t — l)n/t. Furthermore, t\(n,F) is known 
up to an additive constant for every 2-graph F, see [11]. For graphs F, there 
is a large body of research on t\(n, F), for surveys see [TO] [T5]. 

In the case of hypergraphs (k > 3), only a few values of tf(n,F) are 
known. Note that when F is a single edge K%, a ^-factor is equivalent to 
a perfect matching. Rodl, Rucihski and Szemeredi [13] proved that 

t k k _i(n,K%) =^-k + e, where eG {3/2,2,5/2,3}. 



Date: November 28, 2011. 

Key words and phrases. Hypergraph, 3-graph, factorization, minimum codegree. 

1 



2 



ALLAN LO AND KLAS MARKSTROM 



For k > I > 1, Kiihn and Osthus [TO] and independently Han, Person and 
Schacht [7] conjectured that 



This conjecture has been verified for various cases of k and /. We recommend 
[T3] for a survey in tf(n,K%). 

Here, we focus to the case when k = 3, I = 2 and \F\ = 4. Let 
iff be the complete 3-graph on 4 vertices. The authors [12] showed that 
t2(n,Kf) = (3/4 + o(l))n, and independently Keevash and Mycroft [8] de- 
termine the exact value of t^{n,K\) for n sufficiently large. For 1 < i < 3, 
let iff — ze be the unique 3-graph on 4 vertices with (4 — i) edges. Kiihn and 
Osthus [9] showed that ^{n^K^ — 2e) = (1/4 + o(l))n, and the exact value 
was determined by Czygrinow, Debiasio and Nagle [3]. Let A and B be set 
of n/4 — 1 vertices and 3n/4 + 1 respectively. By considering the 3-graph 
H such that V{H) = A U B and every edge meets A, we can deduce that 
t^in, K\ — 3e) > n/4 — 1. Moreover, 



In this paper, we investigate t^n, Kf — e), the only remaining case for 3- 
graphs on 4 vertices. It is easy to show that i|(4, iff — e) = 1. Also, we 
know that ^(8, iff — e) = 4 by a computer search. For n > 12, we give the 
following lower bound on t^n, iff — e). 

Proposition 1.1. For integers n > 8 with 4|n 



We show that the inequality above is indeed asymptotically sharp. 

Theorem 1.2. Given a constant 7 > 0, there exists an integer uq = no(7) 
such that for n > uq and 4|n 




n/4 < 4(n, iff - 3e) < t\(n, iff - 2e) 



n/4 if n/4 is odd 
n/4 +1 if n/4 is even. 




(mod 3) 
(mod 3). 




e) < (1/2 + 7) n. 



We further conjecture that equality holds in Proposition II. 11 



Conjecture 1.3. For integers n > 8 with 4|n 




(mod 3) 
(mod 3). 
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2. Notations and preliminaries 

For the remainder of the paper, we will only consider 3-graphs unless 
stated otherwise. For simplicity, we write K4 and K± for K\ and K\ — e 
respectively. We refer to the set {1, . . . , a) as [a] for a G N. 

For a 3-graph H and a vertex set U C V(H), H[U] is the subgraph of 
H induced by the vertices of U. We write v to mean the set {v} when it 
is clear from the context. Let V±, . . . , Vi be a partition of V{H). We say 
that an edge V1V2V3 is of type V^V^V^ if Vj G Vi j for j G [3] and denote the 
number of edges of type V^V^V^ by e(V^ V^V^). Similarly, we define types 
for . Given a 3-set T, we set L(T) to be the set of vertices v such that 
H[T U v] contains a For an edge e, we write L(e) to mean L(V(e)). 

Proposition 2.1. Let H be a 3-graph of order n. Then, for every edge e, 
\L(e)\ > (36 2 (H)-n)/2. 

Proof. Let e = xyz. Denote raj to be the number of vertices v in exactly 
i neighbourhoods of {x,y}, {x,z} and {y,z}. Note that n % = n an d 
^irii > 352(H). Thus, 2n3 + n2 > 362(H) — n. If a vertex u is in at least 
two neighbourhoods of {x,y}, {x,z} and {yz}, then H[{x, y, z, v}] contains 
a K± . Thus, the proposition follows. □ 

The Turdn number of , ex(n, K±), is the maximum number of edges in 
a -fQ^-free 3-graph of order n. Currently, it is known that (2/7 + o(l)) Q) < 
ex(n,K^) < (0.2871 + o(l))(g), where the lower bound is due to Frankl 
and Fiiredi [5] and the upper bound is due to Baber and Talbot pp. If H 
is a 3-graph of order n with e(H) > ex(n,K^) + era 3 , then we have the 
'supersaturation' phenomenon discovered by Erdos and Simonovits [I]. 

Theorem 2.2 (Supersaturation). For every constant c > 0, there exists 
a constant d > such that every 3-graph H of order n with e(H) > 
ex(n,K^) + era 3 contains at least c'n 4 copies of . 

Corollary 2.3. There exists a constant c > such that every 3-graph H of 
order n with e(H) > 0.3(g) contains at least cn A copies of . 

Given an integer i > 1 and vertices x,y G V(H), we say that the vertex 
set S C V(H) is an (x, y)-connector of length i if Sf]{x, y} = 0, \S\ = 4i — 1 
and both H[SL)x] and H[SL)y] contain i^-factors. Given an integer i > 
and a constant rj > 0, two vertices x and y are (i,r/)-close to each other 
if there exists at least ryn 4 * -1 (x, y)-connectors of length i. We denote by 
Ni tV (x) the set of vertices y that are (i,r])-close to x. The subset U C V 
is said to be (i,rj)-closed in H if every two vertices in U are (i,ry)-close to 
each other. Moreover, H is said to be (i,r/)-closed if V(H) is (i, ^-closed 
in H. If 77 is known from context, we simply write i-closed and Ni(x) for 
(i,7/)-close and Ni iTj (x) respectively. For X, Y C V, a triple (x,y,S) is a 
(X,Y)-bridge of length i if £ G X, y G Y and S 1 is an (x, y)-connector of 
length i. If u G X H Y, we say (ra, ra, 0) is an (X, y)-bridge of length 0. 
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We study some basic properties of (i, ?7)-closeness. 

Proposition 2.4. Let i > be an integer and let n, e > be constants. Let 
H be a 3-graph of order n sufficiently large. Suppose that |iVi n(x)| > en for 
a vertex x G V . Then, Ni tV (x) C iVj + i : „/(x) for some constant ?/ > 0. 

Proof. Let y G JV»(x) and m = 4i — 1. To prove the proposition, it is enough 
to show that y is (z + l,r/')-close to x for some rf > 0. There are at least 
rjn m (x, y)-connectors S of length i. Fix an (x, y)-connector S of length i. 
Let 2 € Ni(x)\(S U {x,y}). There are at least rjn m (x, z)-connectors S' of 
length i. Moreover, the number of S' containing a vertex in S Uy is at most 
(m + l)n m_1 < nn m /2. Hence, there are at least rjri m /2 (x, z)-connector S' 
with 5' (~l (S U y) = 0. Since H[S' U z] contains a K^-factor, there is a 3-set 
T C S' such that z G L(T). By an averaging argument, the number of _fQ~ 
{7 vertex disjoint from 5 U {x, y} is at least 

nn m /2 en — m — 2 4 , 
V x : > ??en 4 /16. 

Recall that S is an (x, y)-connector of length i, so SLiU is an (x, y)-connector 
of length i + 1. Note also that there are 



nn m /2 x r/en 4 /16 

rf) 



> r/n m+4 



such choices S UU for some constant r/' > 0. Hence, y is (i + l,r/)-close 
to x. □ 

Lemma 2.5. Lei ix,iy > and z > 6e integers and let nx,nY,'>], e > be 
constants. Let H be a 3-graph of order n sufficiently large with vertices x,y G 
V. Suppose there are at least en Al+l copies of (X,Y)-bridges of length i, 
where X = Ni X:Tjx {x) andY = Ni Y)VY (y). Then, x andy are (ix+iy+i, rjo)- 
close to each other for some r]Q > 0. In particular, if \X D Y\ > en, then x 
and y are (ix + iy, n)-close to each other for some n > 0. 

Furthermore, if X and Y are (ix,r]x)-closed and (iy ,r]Y)-closed in H 
and \X\, \Y\ > en, then X Li Y is (ix + iy + i, rj)-closed in H . 

Proof. Let i$ = ix+iy+i and let % > be a constant sufficiently small. Let 
mo = 4io — l, 77i = 4z— 1, = Aix — 1 and my = 4iy — 1. There are at most 
(m + 2)n m+1 < en m+2 copies of (X, Y)-bridges (x',y',S) of length z with 
{x, y} fl (5U {x',y'}) / 0. Hence, the number of (X, Y)-bridges (x',y',S) 
with x' G X\(S U {x,y}) and y' G Y\(S U {x,y}) is at least en m+2 /2. Fix 
one such (X, y)-bridge (x',y',S). Since x' G X\x, the number of (x,x')- 
connectors Sx of length ix such that 5x fl (S U {x,x',y, y'}) = is at 
least 



n x n mx - (m + 4)n mx ~ 1 > r/ x n mx /2 
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and fix one such Sx- Similarly, the number of (y, y')-connectors Sy of length 
iy such that Sy (1 (5 U Sx U {x, a;', y, y'}) = is at least 

r] Y n mY - (m x + m + 4)n my ~ 1 > rj Y n mY /2 

and fix one such 5y. Set So = Sx U 5y U 5 U {x',y'}. Note that So is an 
(x, y)-connector of length iq. Moreover, there are at least 

1 en m+2 7] X n mx ri Y n mY 

x x - > nn 



/ TOO \ 

\TO,l,l,TOjc,TOy/ 

distinct So, so x and y are (io, r/o)-close to each other. The second assertion 
holds as (z, z, 0) is an (X, Y)-bridge of length for z G X H 1". Finally, the 
last assertion holds by Proposition 12.41 □ 

We now state the absorption lemma for .fQ^-factors, which is a special 
case of Lemma 1.1 in 1121. 



Lemma 2.6 (Absorption lemma [32] )• Let i > and n > be an integer and 
a constant. Then, there is an integer no satisfying the following: Suppose 
that H is a 3-graph of order n > no and H is (i,rj)-closed, then there exists 
a vertex subset U C V(H) of size \U\ < n 4 n/2 6 such that H[UUW] contain 
-factors for every vertex set W C V\U of size \W\ < rfn/2 11 with 
\W\ + \U\ = (mod 4). 

3. A LOWER BOUND ON t\(n, K\ — e) 

In this section, our aim aim is to prove Proposition 11.11 First we need 
the following simple proposition. 

Proposition 3.1. For n > 5, there exists a -free 3-graph H of order n 
with 6 2 (H) = 1. 

Proof. We are going to prove by induction on n. For n = 5, we consider 
the 3-graph on vertex set {v\, . . . , ^5} with edge set {v\V2V 3 , V1V2V4, V1V2V5, 
V3V4V5}. For n = 6, Frankl and Fiiredi (Example 1 in [5]) presented a K±- 
free 3-graph H of order 6 with 6(H) > 2. Hence, we may assume that n > 7 
and there exists a .fQ^-free 3-graphs H' of order (n — 2) with 62(H) > 1. 
Add two new vertices x and y to V(H') and new edges xyz for z € V(H'). 
Call the resultant 3-graph H. Note that 62(H) = 1 and is K^-free. □ 

Now, we are going to bound t^(n, -^4") from below, thereby proving Propo- 
sition 11.11 



Proof of Proposition li.il For n = 8, we consider the 3-graph H with vertex 
set {vi, . . . , v 8 } and edge set 

E(H) = ( ' 3 ' ^ \{ Vl v 5 v 6 : i = 2, 3, 4}) U {i^ife : i = 1, 2, 3} 

U {v 1 V 5 V 7 ,V 2 Vr J V 7 , V 3 V±V 7 , V 3 V 6 V 7 , VlV 3 V 8 , ViVqV 8 , V 2 V i V 8 ,V 3 V 5 V 8 ,V i V 5 V 8 } 

U {ui^Uj^i^Ui,^^^,^^^ : « = 7,8}. 
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Note that 82(H) = d[v7V%) = 3 and H does not contain TT^-factor. Thus, 
we may assume that n > 8. 

For integers a, b > 0, let A = {v±, . . . v a } and B = {w±, . . . Wb} be two 
disjoint vertex sets. We define a 3- graph H a ^ on the vertex set A U B as 
follows: 

(1) H a , b [A] is empty. 

(2) H a ^[B] is a complete 3-graph, 

(3) ai 1 di 2 bj is an edge in H a ^ if and only if j ^ {11,12}, 

(4) aibj 1 bj 2 is an edge in H a ^ if and only if i G {31,32}- 

Note that ^(-f^a.b) = rnin{6 — 2, 6, 6 — 1, a — 1} by considering deg(aia2), 
deg(6i&2), deg(ai&i), deg(ai&2) respectively. Since every in i7 aj {, contains 
exactly or 3 vertices of A, H ab does not contain a Tf^-factor if a / 
(mod 3). If a > 5, define H* b to be the resulting 3-graph of H a j, by 
embedding a TC^-free on such that 82(H* b [A]) > 1. Therefore, we have 
52(H* b ) > min{a — 1,6 — 1}. Also, H* b does not contain a i^-factor if 
a ^ O'(mod 3). 

If n = (mod 3), then t|(n, > n/2 — 2 by considering i7 n /2-i,n/2+l- 
If n 7^ (mod 3) and n > 8, then t\(n,K^) > n/2 — 1 by considering 

H n/2,n/2- 

Remark 3.2. Actually, to show thatt^in, K±) > n/2— 1 /orn = (mod 3), 
we could consider H*/ 2+ i n /2-i ^ ns ^ ea d °f -^n/2-i,n/2+i • In fact, there is a 
third and probably the simplest construction, which also gives the same result. 
Let A and B be vertex sets of sizes n/2 — 1 and n/2 + 1 respectively. Define 
H' to be the 3-graphs on AL)B such that every edge contain even number of 
vertices in A. Note that 62(H) = n/2 — 2 and every contains either or 
3 vertices of A. Since \A\ 7^ (mod 3), H' does not contain a K± -factor. 

4. An upper bound on t\(n,Kl — e) 

In the next theorem, we study the relationship between 82(H) and the 
number of the vertex disjoint copies of in H. Note that \H\ is not 
assumed to be divisible by 4 in the hypothesis. 

Theorem 4.1. Let I < (n — 13) /4 be an integer. Let H be a 3-graph of 
order n with 82(H) > (n + 21 — 2)/3. Then, there exists at least I vertex 
disjoint copies of in H. 

Proof. Let T be a set of vertex disjoint copies of 7Q~ and edges in H. Let 
71 and 72 be the set of K± and edges of T respectively. If |7i| > I, then 
we are done. Hence, we may assume that |7I| < I for all 7". We define 
the weighting w(T) of 7" to be w(T) = 5|7i| + 2 1 V2 1 - We assume that 7" is 
chosen such that w(T) is maximal. 

First, we are going to show that |7i| < 4. Suppose the contrary, so there 
are 4 disjoint edges ei, e2, e%, e^ G 7i- Note that if v G L(ei) for some 1 < i < 
4, then v G V(Ti). Otherwise, V = (T\{e i} e }) U {V(ei) U v} contradicts 
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the maximality of w(T), where eo is the edges in T contained v if it exists. 
By Proposition EH |£(e<)| > (36 2 (H) - n)/2 > I - 1 for i G [4]. Thus, there 
exists S = {v±, V2, V3, u*} G 71 such that X^ie[4] l-^( e i) H S| > 5. Without 
loss of generality, we may assume by the Kbnig-Egervary Theorem (see [2] 
Theorem 8.32) that v\ G L(e x ) and v 2 G L(e 2 ). Set T' = (T\{S, ei, ei}) U 
{y(ei) U ui, V(e 2 ) U v 2 }. Note that 

iw(T)' = w(T) - (5 + 2 + 2) + (5 + 5) = w(T) + 1, 

a contradiction. Thus, we have |72| < 4. 
Note that 

\V\V(T)\ > n - 4|71| - 3|7i| > n - 4(Z - 1) - 9 = n - 4Z - 5 > 8. 

Let xi, X4, 2/1, 2/4 be distinct vertices in V\V(T). Since w(T) 
is maximal, iVfoyi) C V(T). If £ je[4] l^0*2/i) n V(T 2 )\ > 4|T 2 |, there 
exists an edge e G 7i such that X)ie[4] \^( x iVi) ^ ^( e )l ^ 5. By the Konig- 
Egervary Theorem, we may assume that x\y\V\ and x 2 y 2 v 2 are edges for 
distinct vertices v\,v 2 G V(e). Hence, w(T') = w(T) + 2, where T' = T\eU 
{xij/iui, X22/2W2}, a contradiction. Therefore, X^e[4] \ N ( x iVi) n ^C^)! ^ 
■4172 1 - Recall that | T2 1 < 3 and so 

\N(x iyi ) n 7(7I)| > ±6 2 (H) - 12 > 8|7!| 

ie[4] 

There exists S = {v\, v 2 , 1*3, v^} G T\ such that Yl \^( x iVi) (~\T\ > 9. Again 
by the Konig-Egervary Theorem, we may assume without loss of generality 
that XiUiVi is an edge for i G [3]. Set 

T = T\S U {x 1 yiv 1 ,X2y2V2,X3y 3 v 3 }. 

Note that w(T') — w(T) >3x2 — 5 = 1, a contradiction. This complete 
the proof of theorem. □ 

Next, we are going to prove Theorem 11.21 We proceed by the absorption 
technique of Rodl, Rucihski and Szemeredi |14] , We require the following 
lemma, where is proven in Section [5j 

Lemma 4.2. Let 7 > and let H be a 3-graph of order n sufficiently large 
with 62(H) > (1/2 + 7)77,. Then, H is (i,rj)- closed for some integer i and 
constant 7] > 0. 

Proof of Theorem \1.2l Let 7 > and let H be a 3-graph H of order n 
sufficiently large with 4|n and 62(H) > (1/2 + 7)72. In order to prove Theo- 
rem [L2j it is enough to show that H contains a iQ^-factor. By Lemma |4.2( 
H is (i, r?)-closed for some i and r/ > 0. We may further take 77 to be suf- 
ficiently small (?7 4 /2 6 < 7 would do). Let U be the vertex set given by 
Lemma ELS and so \U\ < r/ 4 n/2 6 . Let H' = H[V(H)\U]. Note that 

fc-iCff') > (1/2 + 7 - W2> > n'/2 
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where n' = n — \U\. There exists a family T of vertex disjoint copies of 
in H' covering all but at most 16 vertices by Theorem 14. 1[ Let W = 
V(H')\V(T), so \W\ < 16. By Lemma £E1 there exists a ^-factor V in 
H [U U W\. Thus, T U T is a -factor in H. □ 

5. Proof of Lemma 14.21 

Let 7 > and let if be a 3-graph of order n sufficiently large with 
82(H) > (1/2 + 7)n. Our aim is to show that if is (i, ^-closed for some i 
and rj > proving Lemma 14.21 Its proof is divided into the following steps. 
First we show that we can partition V(H) into at most 3 vertex classes 
such that each class is ([4/7] + 2, ^-closed in H and of size at least re/4. 
If there is only one vertex class, then we are done. When there are two or 
three vertex classes, we show that H is (i' , 7/)-closed using Lemma 15.41 and 
Lemma 15.61 respectively for some integer i! and constant 7/ > 0. 

Recall that Ni^(v) is the set of vertices that are (i, 7?)-closed to v. First, 
we show that the size of Ni^2 /12(f) is at least (1/4 + 7)71 for every v £ V. 

Proposition 5.1. Let 7 > and let H be a 3-graph of order n > 8/7 with 
62(H) > (1/2 + j)n. Then, for v £ V there are at least (1/4 + 7)71 vertices 
y such that y is (L7 2 / '12) -close to v. 

Proof. Write 5 = 82(H) and V' = V\v. Let {x,y} G N(v), i.e. vxy is an 
edge. Note that there are at least 5(n — l)/2 > n 2 /4 such pairs. For z £ 
N(xy)nN(vx), H[{v, x, y, z}] contains aK 4 ". Since \N(xy)(lN(vx)\ > 2771, 
there are at 7n 3 /6 edges e such that v £ L(e) 

Let G be a bipartite graph with the following properties. The vertex 
classes of G are V and E', where E' is a set of edges e such that v £ L(e). 
For y £ V and e £ E ', {y, e} is an edge in G if and only if y £ L(e). Note 
that \E'\ > 7n 3 /6. For e £ E' 

d G ( e ) = \L(e)\v\ > (1/4 + 37/2) n - 1 > (1/4 + H7/8) n 

by Proposition 12. 1[ We claim that there are more than (1/4 + 7)77, vertices 
yeV with d G (y) >-y\E'\/2. Indeed, it is true or else we have 

(l/4 + ll7/8)re|£'| <e(G) <-y\E'\/2 x (3/4 - 7)77 + \E'\(l/4 + 7)77, 

a contradiction. Note that y £ V is (1, d G (y)/re 3 )-close to v, so the propo- 
sition follows. □ 

We are going to partition V into at most three classes such that each class 
is of size at least (1/4 + 7)77 and ([4/7] + 2,77)-closed in H for some 77 > 0. 

Lemma 5.2. Let 7 > and let H be a 3-graph of order n with 82(H) > 
(1/2 + 7)77. Then, there exist a constant 77 > and a vertex partition of V 
into at most three classes such that each class W is ([4/7] + 2,rj)-closed in 
H and \W\ > (1/4 + 37/4)77. 
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Proof. Throughout this proof, 771, ?7[4/ 7 ]+2 are assumed to be a de- 
creasing sequence of strictly positive sufficiently small constants. We write 
i-close to mean (i, 72j)-close. If |iV2(t>)| > (f + 7)72/2 for all v G V, then 
|A r 2(u)nA^2(tt)| > 772 for u,v (zV. Thus, H is 4-closed by Lemma [2. 51 Hence, 
we may assume that there exists a vertex v such that |iV 2 (v)\ < (1 + 7)71/2. 
Let U be the set of vertices u G N\(v) such that 

|iVi(n)niV 2 (7;)| > (l/4 + 7/3)n. 

Claim 5.3. T/ie size o/t/ is ai /east (1 + 37)72/4 and U is 2-closed in H . 

Proof of claim. Note that if \N\(w) fl iVi(u)| > 7 2 ra/6 for to G V\u, then 
w G -/V 2 (t;) by Lemma 12.51 Thus, for each ttj ^ iV 2 (7;), 

|iVi(u) niVi(ii;)| < 7 2 n/6. 

Therefore, by summing over all w £ N2(v), we have 

\Ni(u)\N 2 (v)\ = \Ni(v)nNx(w)\ < 7 2 n 2 /6. (1) 

Since |iVi(V)| > (1/4 + 7)77, for u' £ V by Proposition EH for G Ni(v)\U 

|iVi(u')\iV 2 (7j)| = \Ni(u')\ - \Ni(u') n N 2 (v)\ > 2 7 n/3. 

Therefore, by summing over v! G N\(v)\U and ([I]), we have 

2 7 n|iV 1 (-y)\t/|/3 < ^ |JVi(u')W 2 (u)| < ^ |iVi(u)\Jv 2 (w)| < J 2 n 2 /6. 
u'eN!(v)\u ueNi{v) 

Again recall that |/Vi(u)| > (1/4 + 7)71 by Proposition 15.11 so \U\ > (1 + 
37)n/4 as desired. Furthermore, for u,u' G U, we have 

|Afi(u)nAfi(uO| > {N^u) D N 2 (v)\ + {N^u') D N 2 (v)\ - \N 2 (v)\ > 772/6 

as 1^2(7;)! < (1 + 7)77/2. Hence, u and u' are 2-close to each other by 
Lemma 12.51 □ 

Set Uq = U. For an integer i > 0, we define Ui to be the set of vertices 
u' Wi-i such that |JVi(u') n Wi-i\ > 2 i ~ 2 jn, where Wf is the set (jjL ^i- 
By Lemma [23] and an induction on i, we deduce that is (i + 2)-closed 

in H. Let io be the minimal integer such that \Ui Q \ < 777/4. Since Uq, U\, 
are disjoint sets, 1 < i < [4/7]. If W io = V(H), then H is (i + 2)- 
closed and so H is ([4/7] + 2)-closed by Proposition 12.41 Thus, we may 
assume that V(H) ^ W io . Note that |W io | > \U\ > (1 + 37)72/4. For 
w $l Wi Q , we have 

\Nx(w)\w i0 \ >|iViH| - |iViH n w io _i| - |*7 io | 

>(l/4 + 7)77 - 777/4 - 772/4 = (1/4 + 7/2)72. 
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Let V = V\W i0 . Note that \V'\ < 3n/4 and |iVi(u) n V'\ > (1/4 + 7 /2)n 
for u € V . Thus, we are done by repeating the whole argument at most 
twice by replacing V with V'. □ 

To prove Lemma 14.21 it is sufficient to consider the case when there are 
two or three partition classes satisfying the conditions in Lemma l5.21 First, 
we consider the case when there are exactly two partition classes as its proof 
will form the framework for the case when there are three partition classes. 

Lemma 5.4. Let ix,iy > be integers and let rjx,r]Y,'y > be constants. 
Let H be a 3-graph of order n sufficiently large with 62(H) > (1/2 + 7 )n. 
Suppose that V is partitioned into X and Y with |X|,|Y| > n/4. Further- 
more, suppose that X and Y are (ix,Vx)-closed and (iy ,r/y)-closed in H 
respectively. Then H is (iQ^rf) -closed for some integer i$ < 3m&x{ix, iy} + l 
and constant rj > 0. 

Proof. Write 6 = 62(H). Without loss of generality, we may assume that 
\X\ < \Y\. Let Ci, C2, C3, C4, ei, 62, e^, 63, 63, 64, £5, Cg > be constants suffi- 
ciently small satisfying the following six inequalities: 

ei < min{e 2 , e 3 }, ci + e 2 < c 2 < c 3 e 3 , max{4e' 2 , 2e 1 + £3} < 37 
2 Cl < c 3 < min{c4e 4 /2 - e 3 , 2~ u e' 5 - e 3 }, e 5 < 7 /384, e' 5 < 1/10. 

In addition, throughout this proof, r/i, 772, ... are assumed to be a decreasing 
sequence of strictly positive sufficiently small constants. Recall that an 
(X, y)-bridge of length i is a triple (x, y, S) such that x G X, y E Y and S 
is an (x, y)-connector of length i. By Lemma |2.5[ to prove the lemma it is 
enough to show that there are at least en 4i+1 (X, Y)-bridges of length i for 
some e > 0. Recall that L(e) is the number of contained the edge e and 
|-^( e )| > (1/4 + 7)71 by Proposition 12.11 We now divide into various cases 
depending on the type of e and L(e). For each case, we are going to show 
that there are many (X, Y )-bridges and so we prove Lemma 15.41 

Case 1 : There exist cin 3 edges e such that \L(e) n X\ > t\n and 
\L(e) n Y\ > e\n. For each such edge e, (x,y,V(e)) is (X, Y)-bridge for 
x € L(e) n X and y £ L(e) n Y. Therefore, there are at least ciefn 5 (X, Y)- 
bridge of length 1. 

Case 2 : There exist c 2 n 4 copies T of K 4 such that \T<~)X\ = 2 = \Tt~)Y\. 
There are at least (c 2 — e 2 )n 3 edges e of type XXY contained in at least 
e 2 n copies of these K4. Otherwise, the number of these K4 is at most 

(c 2 - e 2 )n 3 x n + (1 - c 2 + e 2 )n 3 x e 2 n < c 2 n 4 , 

a contradiction. Note that for each such edge e, |L(e)ny| > e 2 n. By Case 1, 
we may assume that there are at least (c 2 — e 2 — ci)n 3 edges e of type XXY 
contained in at least e 2 n copies of these K 4 with \L(e) n X\ < e\n. Fix one 
such edge xx'y and let y' G Y such that H[{x,x' ,y,y'}] is a iQ. Note that 
there are (c 2 — e 2 — ci)e 2 n /2 choices for x, x', y and y'. 
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Claim 5.5. One of L(xx'y) n X, L(xx'y') n X, L(xyy') n F, L(x'yy') n F 
is o/ size /eas£ e 2 n. 

Proof of claim. Suppose that the claim is false. Since \N{xy) D X\ > 5 — 
\N(xy) n Y\ and \N{x'y) nX\>5- \N(x'y) n F|, 

|iV(ra') n X\ + |-ZV(zy) n X| + \N(x'y) nX\- \X\ <2\L(xx'y) n X\ < 2e' 2 n. 

\N(xy) C\Y\ + \N(x'y) n Y\ >25 - \X\ - 2e' 2 n. (2) 

Similarly, 

\N(xy') HY\ + \N(x'y') n F| >25 - \X\ - 2e' 2 n. (3) 

In addition, we have 

2e' 2 n + \Y\ >\N(xy) nY\ + \N(xy') nY\ + \N{yy') n F|, (4) 

2e 2 n + |y| >|iV(x y) n Y\ + |iV(xV) n F| + \N(yy') n F| (5) 

as |L(xyy')ny|, |L(x'yy')ny| < e 2 n respectively. Recall that + = n, 
\X\ < \Y\ and \N(yy')C\Y\ >S - \X\. Together with ©, ©, © and ©, 
we have 

65 <4\X\ + 2|Y"| + 8e' 2 n < 3n + 8e' 2 n 
a contradiction. □ 

Recall that there are (c 2 — e 2 — c\)e 2 n /2 choices of {x, x', y, y'}. Suppose 
that at least (c 2 — e 2 — ci)e 2 n 4 /8 copies of K± = {x, x', y, y'} with \L(xx'y) fl 
X\ > e' 2 n. Let u G L(xx'y) C\X. Note that (u,y',{x,x',y'}) is an (X,Y)- 
bridge. Thus, the number of (X, y)-bridges (of length 1) is at least (c 2 — 
£2 — ci)e 2 e' 2 n^ /24. Therefore, we may assume without loss of generality 
that there are at least (c 2 — e 2 — ci)e 2 n 4 /8 copies of K4 = {x, x', y, y'} with 
\L(xyy') fl Y \ > e' 2 n. Let u G L{xyy') n Y. Note that (x' , u, {x, y, y'}) is an 
(X, y)-bridge. Again, the number of (X, y)-bridges is at least (c 2 — e 2 — 
c 1 )e 2 e / 2 n 5 /24. 

Case 3 : There exist c 3 n 3 edges xyy' of type XYY such that \L{xyy') n 
X\ > €311. By Case 1, we may assume that there are at least c^n 3 /2 edges 
xyy' of type Xyy such that \L{xyy') C\Y\ < €\n. Since xyy 1 is an edge and 
\L(xyy') n y| < ein, we have 

\N(xy) n y| + |iV(xy') n y| + \N(yy') DY\- \Y\ < 2\L(xyy') nY\ < 2e x n. 

Assume that \N(xy) n N{xy') n N{yy') fl A| < e^ra and so 

l-ZV(zy) n X\ + I A(xy') n A| + |iV(yi/) D X| - 2\X\ < e' 3 n. 

Since |X| + |y| = n and \X\ < n/2 < \Y\, (by combining the two inequalities 
above together) we have 

35 < d(xy) + d(x'y) + d(xx') < 2\ X\ + \Y\ + 2ein + e' 3 n < (3/2 + 2ei + e' 3 )n, 

a contradiction. Thus, we have |iV(xy) fl N(xw) n N(wy) f)X\ > e' 3 n. Note 
that for each it G N(xy) fl N(xw) fl N(wy) fl X, {u,x,y,y'} is a in if. 
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Thus, there are at least C3e 3 n 4 /2 > C2n 4 copies of K± with two vertices in 
each of X and Y. Therefore, we are done by Case 2. 

Case 4 : There exist c^n 3 edges xx'y of type XXY such that \L{xx'y) H 
X\ > e^n. Hence, there are at least c^e^n 4 /2 copies of K± of type XXFY. 
Since every K± of type contains an edge of type XYY, there are 

at c^n 3 edges xyy' of type XYY such that \L(xyy') C\X\ > e 3 n. Otherwise, 
the number of of type XXYY is at most 

C3n 3 x n + n 3 x £371 < 0464/1 /2, 

a contradiction. Thus, we are in Case 3. 

Case 5 : None of Case 1-4 holds. Recall that n/A<\X\<n/2<\Y\. 
For every pair of vertices x,x' € X, \N(xx') DY\ > 5 — \X\ > jn and so 
e(XXY) > (l-JI )(S - \X\) > 7 n 3 /32, where we recall that e(V 1 V 2 V 3 ) is the 
number of edges of type V1V2V3. Similarly, e(XYY) > \X\\Y\(5 - \X\)/2 > 
7n 3 /32 as \N(xy) C\Y\ > 5 — \X\ > 772 for x £ X and y EY. In summary, 

e(XXY),e(XYY) > 7 n 3 /32. 

Further recall that |L(e)| > (1/4 + 7)71 for edges e by Proposition 12.11 We 
must have 7n 4 /384 > e^n 4 copies of each of type XXXY and XYYY 
as neither Case 1, Case 3 nor Case 4 holds. Next, we divide into the cases 
depending on the number of K± of types XXXX and YYYY. 

Case 5a : There are c'n 4 copies of of type XXXX, where d is the 
constant defined in Corollary 12.31 Let mx = &x — 1 and my = 4iy — 1. 
Recall that there are at least e^n 4 copies of K± of type XXXY . Pick 
two vertex disjoint , T = {37, x%, £3, £4} of type XXXX and T' = 
{x[, x' 2l x' 3 ,y'} of type XXXY. Since 27 is (ix, ryx)-close to x[, there exist 
at least 

7] X n mx - Sn mx ~ l > rj x n mx /2 

copies of (xi, x^-connectors Si with Si D (V(T) U V(T')) = 0. Fix one such 
Si. Similarly, for i = 2, 3 we can find an (xj, xQ-connectors S, such that 
Si n (V(T) U V(T') U 5i) = and S 2 nS 3 = 0. Furthermore, there are at 
least (r]xn mx /2) 2 choices for the pair (S2, S3). Set 

5 = Si U S 2 U S 3 U {xi,X2,x 3 ,x' 1 ,x 2 ,x 3 }. 

Note that there is a -ftTT-factor in .fffSUy'] as there is a i^^-factor in each of 
H[T] and U Sj] for i = 1, 2, 3. Also, there is a i^-factor in H[S U X4]. 
Thus, (x4,y',S) is an (X, Y)-bridge of length 3ix + 1. Moreover, there are 
e 5 c'r] 3 x n 3mx+8 /(32(3m x + 8)!) such (X, Y)-bridges. 

Case 56 : There are c'n 4 copies of of type YYYY. We are done by 
a similar argument used in Case 5a. 
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Case 5c : Neither Case 5a nor Case 56 holds. By Corollary 12.31 we have 
e(H[X]) < 0.3( l f) and e(H[Y]) < O.S(^). Thus, 

e(XXY) >(S- 0.3|X|) Of) and e(XYY) > (S - 0.3|F|) 

For x, ie' el and y, y' € y, define a(x, x', y, y') to be the number of edges in 
H[{x, x', y, y'}] . Note that if a(x, x' , y, y') > 3, then H [{x, x', y, y'}} contains 
a . We sum a(x,x' ,y,y') over all x,x' € X and € 1", so each edge 
of type XXY (and Xyy) is counted |V| - 1 (and \X\ - 1) times, i.e. 

Y,a{x,x',y,y') =(\Y\ - l)e(XXY) + (|X| - l)e(XYY) 

>±(\X\ - 1)(\Y\ - l)(5(\X\ + \Y\)- 0.3(|X| 2 + |Y| 2 )) 

=±(\X\ - l)(|y| - l)(5n - 0.3(|X| 2 + |y| 2 )). (6) 

HY]a(x,x',y,y') > (2 + 4e' 5 )( l f ') (' J I), then there are at least 4( l f)(%) > 
2~ 10 e' 5 n copies of 4-sets {x, x' ,y,y'} such that 

e(H[{x, x', y, y'}]) = a(x, x' , y, y') > 3 

as \X\, \Y\ > n/4. Note that H [{x, x' , y, y'}] contains a . By an averaging 
argument there are at least (2 _11 e'5 — es)n 3 > c^n 3 edges e of type XYY 
with \L(e) D X\ > e^n. This implies that Case 3 holds, a contradiction. 
Thus, we may assume that a(x, x' , y, y') < (2 + 4e' 5 )('"^') ('^'). Recall that 
n/4 < |X| = n — \Y\ and 5 > n/2. Therefore, ([6]) becomes 

(2 + 44) ( ! ^ ') >i(|X| - l)(|y | - l)(5n - 0.3(|X| 2 + |y| 2 )) 

(l + 26' 5 )|X||y|>5n-0.3(|X| 2 + |y| 2 ) 

e' 5 n 2 >n 2 /2 - 0.3(|X| 2 + |y| 2 ) - \X\\Y\ 
=n 2 /W + 0.4(|X| - ?i/2) 2 > n 2 /10, 
a contradiction. This completes the proof of Lemma 15.41 □ 

We now consider the case when V is partitioned into 3 classes, X', Y' and 
Z' such that \X'\, \Y'\, \Z'\ > (l/4+ 7 )n and X', Y' and Z' are ([4/ 7 ] +2, ?/)- 
closed in if. Its proof is based on the proof of Lemma 15.41 

Lemma 5.6. Let 7 > and let H be a 3-graph of order n with 82(H) > 
(1/2 + j)n. Suppose that V(H) is partitioned into X' , Y' and Z' with 
\X'\, |y'|, \Z'\ > n/4 and X' , Y' and Z' are (ix'i r]x') -closed, 
closed and (iz> ,7]z>)-closed in H respectively. Then H is (i,n)-closed for 
some integer i > and constant 77 > 0. 

Proof. Write 5 = 82(H). Let mx> = &x' — 1> Tnyi = Aiy — 1 and mz< = 
4iz' — 1. Let ci, C2, C3, C4, ei, 62, e' 2 , £3, £3, £4, > be constant as defined in the 
proof of Lemma EH with an extra constant ep > satisfying 03 + 63 < eo < 7. 
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Again, rji, 772, • • • are assumed to be a decreasing sequence of strictly positive 
sufficiently small constants. 

A triple (u,v,S) is an i-bridge if it is either (A', Y')-bridge, (X',Z')- 
bridge or (Y' , Z')-bridge of length i. If the number of i-bridges is at least 
en 4i+i £ Qr some constants e > 0, then we may assume that without loss of 
generality that there are at least en 4 * +1 /3 (X' , Y')-bridges. Hence, X'UY' is 
(ix' + iy +i)-closed in H by Lemma f2.5l and so H is io-closed by Lemma [5.41 
for some iq. Therefore, to prove the lemma it is enough to show that there 
exist an integer Iq and a constant e > such that the number of io-bridges 
is at leasts era 4 * 0+1 . 

First, suppose that there are at least e^n 4 copies of of each of type 
X'X'Y'Z' and X'Y'Y'Z'. Hence, we can pick two vertex disjoint copies of 
, T = {x\, X2, y, z] of type X'X'Y'Z' and T' = {x' , y[, y' 2 , z'} of type 
X'Y'Y'Z'. Since x\ is (ix', rjx>)-close to x' , there exist at least n X in m x' /2 
copies of (ajijzO-bridge S x > with S x < n (V(T) U V(T')) = 0. Fix one such 
S X i. Similarly, we can find a (y, y^-bridge Sy' and a (z, z')-bridge Sz 1 
such that Sy H Sy = and (5y/ U S z >) D (5*/ U V(T) U V(T')) = 0- 
Furthermore, there are at least ryyn my ' /2 and r]z>n mz ' /2 choices for S'y/ 
and 5^' respectively. Set S = Sx'USyUSz'U{xi,x', y, y[, z, z'}. Note that 
(X4, y', S) is an (X, Y)-bridge of length iq = ix + iy+iz + 1- Moreover, there 
are eQrjx'VY'Vz'n'" 10 /(32(mo)!) such (X, Y)-bridges, where tuq = 4io + 1. 
Hence, we may assume without loss of generality that there are less than 
e n 4 copies of K± of each of type X'Y'Y'Z' and X'Y'Z'Z'. 

We now mimic the proof of of Lemma 15.41 by setting X = X' and Y = 
Y' U Z'. Note that \X\ + \Y\=n and \Y\ = \Y'\ + \Z'\ > n/2 > \X\ > n/4. 
As in proof of Lemma 15.41 we divide into different cases. Also, observe that 
an (X, y)-bridge of length i is an i-bridge. Hence, the lemma is proved if 
we can show that there are many (A, Y)-bridges of length % in each case. 

Case 1' : There exist c\n 3 edges e such that two of |L(e)nA'|, |L(e)nY'| 
and \L(e)nZ'\ is at least e\n. Let e be an edge such that |L(e)nX'|, |L(e)n 
Y'\ > an. Then, (x,y,V(e)) is (A', Y')-bridge for x € L(e) n X' and 
y € L(e) PiY'. Therefore, there are at least efcin 5 copies of 1-bridges. 

Case 2' : There exist c 2 n 4 copies T of A 4 such that |TnXj = 2 = \T(~)Y\. 
By following the argument used in proving Case 2 in the proof of Lemma [5.4l 
(where we replace Case 1 with Case 1'), we deduce that there are en 5 (A, Y)- 
bridges of length 1. 

Case 3' : There exist c^n 3 edges xy\y2 of type XYY such that \L{xy\y2)T\ 
A| > e^n. By Case 1', we may assume that there are at least c^n 3 /2 edges 
x yvyi °f type XYY such that \L(xy\y-i) H Y\ < e\n. By the same argument 
used in Case 3 in the proof of Lemma 15.41 we deduced that Case 2' holds 
and so we are done. 

Case 4' : There exist c^n 3 edges x\X2y of type AAY such that \L(x\X2y)V\ 
Y\ > e^n. Hence, there are at least e^c^n 4 copies of with two vertices in 
each of A and Y. Since each such must contain an edge of type XYY, 
we are in Case 3' by an averaging argument. 
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Case 5' : None of Case l'-4' holds. Since Case 3' does not hold, there are 
less than (c-s + £3)n 4 copies of of type XXYY . Therefore, there are less 
than (c3+e3)n 4 < eon 4 copies of of type X'X'Y'Z'. Recall that there are 
less than eon 41 copies of of each of type X'Y'Y'Z' and X'Y'Z'Z'. Thus, 
there are less than 3eon 4 copies of contained an edge of type X'Y'Z'. 
Since \L(e)\ > (1/4 + j)n for every edge e by Proposition 12.11 

e(X'Y'Z') < 24e n 3 . 

Without loss of generality, we may further assume that \X'\ < \Y'\ < \Z'\. 
Let \X'\ + \Y'\ = an, so 1/2 < a < 2/3. Since (\X'\ + \Y'\) + (\X'\ + \Z'\) > 
2an and \X'\ + \Y'\ + \Z'\ = n, we have 

\X'\ > (2a - l)n. (7) 

Note that 

e(X'Y'Y') J- I Y, ^) " \ X '\ + X ) " e(*'^0 

>LY'||r'|(<5 - \X'\ + l)/2 - 12e n 3 

>|A"||y / |(<5-|A: / | + l-e / n)/2 J 

where e' = 96eo- Similarly, we have 

e(X'X'Y') >\X'\\Y'\(5 - \Y'\ + 1 - e'n)/2. 

For x, x' € X' and y, y' € Y', define a(x, x' , y, y') to be the number of edges 
in H[{x,x' ,y,y'}] as before. Since there are less than (03 + e$)n copies of 
Kl of type XXYY, £ a(x, x', y, y') < (2+4c') (If I) (If I) , where c' = c 3 +e 3 . 
Therefore, 

2 a(s, x', y, y') =(|F'| - l)e(XW) + (\X'\ - l)e(X'Y'Y') 

(1 + ^ (I^I-IKI^I-I) y 6 _ + |y/| _ 2) _ e ' n )(|X'| + |y'| - 2) 

+2(|x'i-i)(n-i) 

(1 - c')(\X'\ - 1)(\Y'\ - 1) <(|X'| + \Y'\ - 2-5 + e'n)(\X'\ + \Y'\ - 2). 

(8) 

Recall that + = an and \X'\ > (2a-l)n by (0). Since 1/2 < a < 2/3 
and c' = c 3 + e 3 < 7, (a - 1/2 - t/2)/(1 - 2d) < (a - 1/2). By taking 
= an-\X'\, \X'\ = (2a - l)n and «J > (1/2 + 7)71, ® becomes 

(1 - 2c')(2a - 1)(1 - a) <(a - 1/2 - 7/2)0- 
(2a - 1)(1 - a) <(a - l/2)a 
(2a - 1)(2 - 3a)/2 <0 

a contradiction. This completes the proof of Lemma 15.61 □ 
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Therefore, Lemma 14.21 follows immediately from Lemma 15.21 Lemma 15.41 
and Lemma 15.61 

6. Closing remarks 

Clearly, we would like to know the exact value of ^(n, K^). If Conjec- 
ture 11.31 is true, then by Remark 13.21 we know that the extremal graph is 
not unique. However, each of the constructions contains an induced K^-free 
subgraph of size roughly n/2. 

Proposition 13.11 shows that there exist i^-free 3-graphs H of order n > 5 
with 82(H) = 1. In fact, there are K^-free 3-graphs H of order n with 
82(H) = (1/4 + o(l))n. Take a random tournament on n vertices, let H 
be 3-graph on the same vertex set such that every edge in H is a directed 
triangle. Note that H is K^-fcee and 82(H) = (1/4 + o(l))n. 

Question 6.1. For e > 0, does all 3-graphs of order n sufficiently large with 
82(H) > (1/4 + e)n contain a K± ? 

Note that a 3-graph H with 82(H) > j\H\ contains at least t( 3 ) edges. 
Thus, a result of Baber and Talbot [1] implies that the question above is 
true for 82(H) > (0.2871 + o(l))n. 
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